
���������	��

������� � ���������

����� �"!$#"%'&)(
*�+ %,!.-0/2143656783:9.9$;

<>=?=�@BA�C�@DA2EGFIHGJLKMEG@BNOA4EPFMHGQ�RSEPN�J�TB@BA?F�JLHSQ�N)=�FIT

U TD@BKIF	JLA�=VKINOAWEGNOX�HZY�TDNLEPR\[]NOH>@BAWEPFMHPJLK^EP@BNLA�EPFIH_Q`R\abFIH_F�@BAWEPH_Nc=�X?KIFI=V@DA�d:JLA�=�NLX?E�e,f?gihjN,akabF�JLY�Y�Tml'EPd?FIQnEGN
o A�=�@BAWEGFIHPJpKMEP@DNOA�Rq@DArEGd�F�COHGN)KIFMH_l4=�JpEsJ?g

<tRG@DQ`Y�TDF\=:JpEPJLRGF^E�g8uvRjJLAr@BAWEPFMHPJLK^EP@DNOA4EPFIH_QwA�FMFI=�FM=�EPN�Y�H_FI=�@DKMEjx?y

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

y

x1

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

y

x2

0.0 0.2 0.4 0.6 0.8 1.0

−0
.2

−0
.1

0.
0

0.
1

0.
2

R
es

id
ua

l y

x1

0.0 0.2 0.4 0.6 0.8 1.0

−0
.2

−0
.1

0.
0

0.
1

0.
2

R
es

id
ua

l y

x2

e



y

x1

0.0 0.2 0.4 0.6 0.8 1.0

−0
.2

−0
.1

0.
0

0.
1

0.
2

x2

0.0048−0.6
0.6−1

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x1
x2

−0.2 0.22−0.07 −0.036 −0.013 −0.006 0.011 0.043 0.073
y

−0.2 0.22−0.07 −0.036 −0.013 −0.006 0.011 0.043 0.073
y

z d�@DRS=:JpEPJ{d:JLR|[]NLHGQ	X�TBJ�x	}�~��$��~.����~���~.��g z d�@DRS@BRb�2A�N,a�A�JpRqJ - �������"/2��1 @BAWEGFIHPJpKMEP@DNOA��)�6FMK�JLX?RGFZ@DEb@BR|TB@BA?F�JLH
@BAiFIJLKsdi�pJLHG@BJL��TBF\��A�NpEP@BKMFSd�N,a�EPd�FqR_TB@BKMFIR�d�J,�LF�TB@BA?F�JLH�EPHGFMA�=�RP�^g0u�E0@DR�F�JLR�l	EPNZH_FIKMNOCOA�@D�IF|EGd�@BR�Evl)Y$FqNL[$@BAWEPFMHPJLK^EP@BNLA
[]HGNLQ�JrKINOAWEPNLX�H�Y�TBNLEIgi��R_@BA�CrEPd?F�=?F o A�@mEP@DNOA�@BAVd:JLA?=�NOX?E{�c�"@DE\@BR�J4Y6NOR_@DEG@D�OFi@DAWEPFIHGJLKMEG@BNOA����6FMK�JLX�R_F`�2A�N,a�@DA�C
NOA�FZ�pJLH_@�JL��TDF\Q`JL�LFMR�EGd�F�NLEPd?FIH�Q`NLHGF\@DQ`Y$NOH_EPJLAWE�g

y

x1

x2

z d�F�=�JLA�COFMH�NL[�Y$NORG@mEP@D�LF�@DAWEPFIHGJLKMEG@BNOA?R�@BR�EPd:J E�EPd?FMl¡Q�@BCLd2E
@DA2�LNOTD�LF	Y�H_FI=�@DKMEPNLHGR>lLNOXVY�HGF^�c@DNOX�R_TDl�=�@BR_K�JLH_=�FI=�JLR>X�A�@BQ�Y$NOH�¢
EPJLAWE�g`£¤d?FIA¥R_F�JLH_Ksd�@BA?C�[]NOH�@DA2EGFIHGJLKMEG@BNOA�RM��lONOX¦Q	X�R_E�H_FIKINLAc¢
R_@B=�FMH�JpTBT�Y�H_FI=�@DKMEGNOHGRMg

§



<>A?NLEPd�FMHSEvl)Y6F�NL[ @BAWEPFMHPJLK^EP@DNOA�@BRqQ�@BA��]~��^¨_~.�^�^g z d�@DRS[]X�A�KMEG@BNOA4@DR�JLTBR_NiF�JLR�l�EPNiH_FIKMNOCOA�@D�IF\[]HGNLQwJiKINOAWEGNOX�HqY�TDNLE�g
© A�TDl�EPd?FiRGQ`JLTBTDFIH��LJpHG@�Jp��TBF�@BR\@DQ`Y$NOH�EsJLAWE�g U TB@BKMFIR�KIT�JpHG@D[ªlrEGd�Fi=�@D«6FIH_FIA�KMF	[]HGNOQ¬EPd?F	��@BTD@BA�FIJLHj@BAWEPFMHPJLK^EP@BNLA��]EPd?F
EPH_FIA�=?R>JLH_FZA�NLEjTB@DA�F�JpHs�^g

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

x2 = [0.023,0.207]

m
in

(x
1,

x2
)

x1

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

x2 = (0.207,0.481]

m
in

(x
1,

x2
)

x1

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

x2 = (0.481,0.733]

m
in

(x
1,

x2
)

x1

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

x2 = (0.733,0.994]

m
in

(x
1,

x2
)

x1

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x1

x2

0.003   10.1 0.2 0.34 0.52
min(x1,x2)

0.003   10.1 0.2 0.34 0.52
min(x1,x2)

­ HGN)KIFIH�l4=:JpEPJ?�.�	Y�H_Nc=�X?KMEPRM®
¯ HG@DKIFLgme z HGNLY�@BKIJLA:J ¯ HGFIQ�@BX?Qw°L±�NO�
¯ HG@DKIFLg § z HGNLY�@BKIJLA:J ¯ HGFIQ�@BX?Qw²O°iNO�
¯ HG@DKIFLg³f z HGNLY�@BKIJLA:J�´jFMCOX�TBJLH�°L±�NO�
¯ HG@DKIFLgµ± ¶�@BA2X?EPF�¶'Jp@B=�°L±�NO�
¯ HG@DKIFLg·� ¸\NLQ`@DA�@BKs�2R�°L±�NO�
U NLTB=�g·� hjX�Q	�$FIH�NL[ X�A�@mEPR�RGNOTD=4[]NOH�¸\NOQ�@BA�@DKs�)RS°L±�NO�

−2.0 −1.0 0.0 1.0

−2
.0

−1
.5

−1
.0

−0
.5

0.
0

0.
5

1.
0

1.
5

S
ol

d.
5

Price.1

−2 −1 0 1

−2
−1

0
1

S
ol

d.
5

Price.2

−2.0 −1.0 0.0 1.0

−2
−1

0
1

S
ol

d.
5

Price.3

−2 −1 0 1 2

−1
.5

−1
.0

−0
.5

0.
0

0.
5

1.
0

1.
5

S
ol

d.
5

Price.4

−2 −1 0 1 2

−1
0

1
2

S
ol

d.
5

Price.5

f



´�FICOH_FIRGR_@BNOA�Y�H_N ¹_FIK^EP@BNLA�®

−2 −1 0 1 2

−2
−1

0
1

2
3

h1

h2

 −2   2 −1 −0.6 −0.23 0.1 0.5 0.9 1.3
Sold.5

 −2   2 −1 −0.6 −0.23 0.1 0.5 0.9 1.3
Sold.5

Price.2

Price.3

Price.4

Price.5

U d�N,a�R�EPd:J EjJLA�@DAWEPFIHGJLKMEG@BNOA4F»ºc@BR_EGRI�.��X?E�d�JLHG=rEPN�RGFMF�a�d�JpE�EvlcY$FLg

±



z N�JL=�=4@BAWEGFIHPJpKMEP@DNOA�EGFIHGQ�R|�)@BR_X:JLTDTDlO�cTBN)NO�	[]NOHSR�EPH_X�KMEGX�HGFZ@DA�EPd�F\H_FIR_@B=�X:JpTBRIg U EPHGX?KMEPX?HGF�}tJ	KINOA�R_@BR�EPFIAWE��$FIA�=r@DA
EPd?F�KMNOAWEPNOX?HGRI�$JLKMHGNOR_R�Q	X�TDEG@BY�TDF>KMNOTBNOH|COHGNOX?Y�RIg © A�F�KINOAWEGNOX�H�TB@DA�F>a�@BCLCOTB@DA�C	@BRqA?NLEjR_EPH_X�KMEGX�HGFpg

Price.2 Residuals

Price.3

Price.4

Price.5

�



z N o A?=�@DA2EGFIHGJLKMEG@BNOA�R�JpX?EPNOQ`JpEG@BK�JpTBTDlL�)JL=�=r��@BTD@BA�FIJLH|EGFIHGQ�R�JLA�=�X�R_F�<�u�¼�EPN�R_KINOH_F�EGd�FIQ�g

½L¾?¿WÀW¾|Á Â.Ã Ä)ÅÇÆ.È ÉOÊbË�ÉWÌ
½cÍ)ÎpÏbË�ÐkÑÓÒ)À.ÔWÕLÖ×Ë»ÈÙØÚÒ)À.Ô2ÕLÖ8Ë�ÛÇØ�Ò)À.ÔWÕLÖ×ËvÌÜØ¤Ò)À$ÔWÕLÖ8Ë�ÊÝØ¤Ò)À.ÔWÕLÖ×Ë�Ð

Þ)ß ½LàWáâÍ ß ½Wã ä?½)½ Â$Ã Ä
Ø�Ò)À.ÔWÕLÖ×Ë�Û8ÁåÒ)À$ÔWÕLÖ8ËvÌ È ÌbË�ÐOÊ2Ê Ìcæ8Ë»È2È,çÝÆ.È)ÈèÛ8Ë�É2æWÊ
Ø�Ò)À.ÔWÕLÖ×ËvÌ×ÁåÒ)À$ÔWÕLÖ8Ë�Ê È ÌbË�ÉWé)É Ìcæ8Ë�Ð2æ.È¡Æ.È)ÈèÉ8Ë�ê2æ2é
Ø�Ò)À.ÔWÕLÖ×Ë»È"ÁåÒ)À$ÔWÕLÖ8Ë�Û È È�Ëvé)ê2ê Ê?É8Ëvç)æ2ÐÜÆ.È É2ê8Ë�æWÌcæ
Ø�Ò)À.ÔWÕLÖ×Ë»È"ÁåÒ)À$ÔWÕLÖ8ËvÌ È È�ËvÌ)ê.È Ê�È"ËvÌ)É.È¡Æ.È É2Ð8Ëvé)æ)Ð
Æ¤Ò)À.ÔWÕLÖ×Ë»È È É×Ë»ÈèæOÊ Ê?Û8Ëvç)Ð2ÐÜÆ.È É2Ð8Ë�Ð2É2ç
ëpì Í ì Ö2í Ê?Û8Ë�ê2ê.È¡Æ.È ÉOÊbË�ÉWÌcÐ
Ø�Ò)À.ÔWÕLÖ×Ë�Û8ÁåÒ)À$ÔWÕLÖ8Ë�Ê È É×ËvÌWÊcÛ Ê?Û8ËvÌ$ÈèæÜÆ.È É2Û8Ë�æ2ê2ç
Ø�Ò)À.ÔWÕLÖ×Ë»È"ÁåÒ)À$ÔWÕLÖ8Ë�Ê È É×Ë�ÛWéWÊ Ê?Û8ËvÌ2ç2éÝÆ.È É2Û8Ëvé2çcÛ
Ø�Ò)À.ÔWÕLÖ×Ë�ÊbÁåÒ)À$ÔWÕLÖ8Ë�Ð È É×Ë�Û2ê2ê Ê?Û8ËvÌ)æ2ÐÜÆ.È É2Û8Ëvé)ê)É
Ø�Ò)À.ÔWÕLÖ×Ë�Û8ÁåÒ)À$ÔWÕLÖ8Ë�Ð È É×Ë»È,Ì)Ð Ê?Û8Ë�Ð2Û2êÜÆ.È É2Û8Ë�ÊcÉ2Ì
Ø�Ò)À.ÔWÕLÖ×Ë»È"ÁåÒ)À$ÔWÕLÖ8Ë�Ð È É×Ë�ÉWéWÊ Ê?Û8Ë�ÐWç2çÝÆ.È É2Û8Ë�ÛWÌcÐ
Ø�Ò)À.ÔWÕLÖ×ËvÌ×ÁåÒ)À$ÔWÕLÖ8Ë�Ð È É×Ë�É.ÈèÐ Ê?Û8Ë�êOÊcêÜÆ.È É2Û8Ë�ÉWécÐ
Æ¤Ò)À.ÔWÕLÖ×Ë�Û È È�Ë�ê2Ð2Û Ê)ÊbËvÌ$È,ÌÝÆ.È É.È"Ë�ê2Û2ç
Æ¤Ò)À.ÔWÕLÖ×Ë�Ê È Û×Ë�êWÌ)æ Ê?Ð8ËvÌ)É2É Æ)æ2æ8Ë�ÉWécÛ
Æ¤Ò)À.ÔWÕLÖ×ËvÌ È Ê|ËvÌ$È,ç Ê?ê8Ë�æWé)æ Æ)æOÊbËvç)Ð$È
Æ¤Ò)À.ÔWÕLÖ×Ë�Ð È ÐWç×Ë�é)Ð2Ð ÈèÉ$È"Ë�Ê6Èèê Æ2Ð8Ë�ÐWçcÐ

Ë2Ë2Ë

½L¾?ÖLîSÁ Â.Ã Ä2ÅÜÆ.È2È æ8ËvÌ$È
½cÍ)ÎpÏbË�ÐkÑÓÒ)À.ÔWÕLÖ×Ë»ÈÙØÚÒ)À.Ô2ÕLÖ8Ë�ÛÇØ�Ò)À.ÔWÕLÖ×ËvÌÜØ¤Ò)À$ÔWÕLÖ8Ë�ÊÝØ¤Ò)À.ÔWÕLÖ×Ë�ÐÇØ¤Ò)À$ÔWÕLÖ8Ë�Û×ÁåÒ)À.ÔWÕOÖ8ËvÌtØ

Ò)À.Ô2ÕLÖ8Ë»È"Á�Ò)À.ÔWÕLÖ×Ë�ÛÝØ�Ò)À.ÔWÕLÖ×ËvÌ×ÁåÒ)À$ÔWÕLÖ8Ë�ÊkØ¤Ò)À$ÔWÕLÖ8Ë�Ê|ÁåÒ)À.ÔWÕOÖ8Ë�Ð

uvA�JLA�´ï[]NOH_Q	X�T�Jc� Ò)À$ÔWÕLÖ8Ë�Û×ÁåÒ)À.ÔWÕOÖ8ËvÌ JLKMEGX:JLTBTml¥Q�F�JpA�R Ò)À$ÔWÕLÖ8Ë�ÛVðñÒ)À.ÔWÕOÖ8ËvÌ �0a�d�@DTBF Ò)À.ÔWÕOÖ8Ë�Û?òèÒcÀ.ÔWÕLÖ8Ë�Ì @DR
RGd?NOH_EGd:JLA�=r[]NOH Ò)À.Ô2ÕLÖ8Ë�ÛÇØ�Ò)À.ÔWÕLÖ×ËvÌÜØ¤Ò)À$ÔWÕLÖ8Ë�Û×ÁåÒ)À.ÔWÕOÖ8ËvÌ �]EPd?HGFIF�R_FIY:JLHGJpEPF�Y�H_FI=�@DKMEPNLHGRs�»g

u�Ei@DR	Y6NL@BAWEPTDFIRGR�EPN�X�R_F�ó àWá2á:¿OÀ)ô EGN�=�FMEGFIH_Q`@DA�F�@D[qEGd�FIR_F4@BAWEPFMHPJLK^EP@DNOA�RiJLH_F�RG@DCOA�@ o K�JLAWEI�0RG@BA?KIF�EPd?FMlñY?HGNO�:Jp��TDl
JLH_FIA�õöEj��@BTD@BA�FIJLHSJLAWl2a|J,lLg

°



��R_F�Y:JLH_EG@�JLTDR|EPN�=�F^EPFIH_Q`@DA�F\EPd?F�[]NLHGQ÷Np[�FIJLKsd'@DA2EGFIHGJLKMEG@BNOA�®

Price.2
Partial residuals

 both predictors absent

Price.3

Price.4

Price.5

¯ HGFM=�@BK^EPNOH_R|@BA�EPd?F>Q�Nc=�FMT.JLHGFj@BA?=�@BKIJpEPFM=�@BA��$NOTB=��)JLA?=�KIH_NORGRbEPFIH_Q`R×@BA�EPd?F>Q�Nc=�FMT.JLHGF�@BA�=?@BK�J EPFI=��Wl�HGFI=��6N�ºcFIRMg

ø



£¤d:JpEj�2@BA?=�Np[�@DA2EGFIHGJLKMEG@BNOAr@BRq@mE»y

−2 −1 0 1

−2
.0

−1
.0

0.
0

0.
5

1.
0

1.
5

Price.3 = [−2.01,−1.19]

S
ol

d.
5

Price.2

−2 −1 0 1

−2
.0

−1
.0

0.
0

0.
5

1.
0

1.
5

Price.3 = (−1.19,−0.352]

S
ol

d.
5

Price.2

−2 −1 0 1

−2
.0

−1
.0

0.
0

0.
5

1.
0

1.
5

Price.3 = (−0.352,0.594]

S
ol

d.
5

Price.2

−2 −1 0 1

−2
.0

−1
.0

0.
0

0.
5

1.
0

1.
5

Price.3 = (0.594,1.46]

S
ol

d.
5

Price.2

−2 −1 0 1

−2
−1

0
1

Price.2

P
ric

e.
3

 −2 1.4−0.6 −0.33 −0.23 −0.1 0.17 0.38 0.7
Sold.5

 −2 1.4−0.6 −0.33 −0.23 −0.1 0.17 0.38 0.7
Sold.5

−2.0 −1.0 0.0 1.0

−1
0

1
2

Price.4 = [−2.51,−0.682]

S
ol

d.
5

Price.3

−2.0 −1.0 0.0 1.0

−1
0

1
2

Price.4 = (−0.682,−0.0668]

S
ol

d.
5

Price.3

−2.0 −1.0 0.0 1.0

−1
0

1
2

Price.4 = (−0.0668,0.595]

S
ol

d.
5

Price.3

−2.0 −1.0 0.0 1.0

−1
0

1
2

Price.4 = (0.595,1.85]

S
ol

d.
5

Price.3

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

−2
−1

0
1

2

Price.3

P
ric

e.
4

 −2   2−0.64 −0.4 −0.23 −0.1 0.09 0.4 0.8
Sold.5

 −2   2−0.64 −0.4 −0.23 −0.1 0.09 0.4 0.8
Sold.5

ù


